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SVM has been shown to be able to achieve good generalization performance for classification of high-

dimensional data sets and its training can be framed as solving a quadratic programming problem

• usually we try to maximize classification performance for the training data

• but, if the classifier is too fit for the training data, the classification ability for unknown data (i.e., the 

generalization ability) is degraded

• there is a trade-off between the generalization ability and fitting to the training data

• SVM is trained so that the direct decision function maximizes the generalization ability

• SVM is based on statistical learning theory

SVM
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Classification problem

Separating Hyperplane

𝒘𝑻𝒙 + 𝒃 = 𝟎

𝒘: normal vector of the hyperplane

𝒃: bias
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• Two class classification problem

• 두 class를 나누는 hyperplane은 무한히 많음

• 어떤 hyperplane이 가장 “좋은“ hyperplane인가?

• “좋다”의 기준은?

Separating Hyperplane

Class 1

Class 2
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Maximizing margin over the training set

= minimizing generalization error

= good prediction performance

So, what is the margin?

Separating Hyperplane
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Margin: 각 클래스에서 가장 가까운 관측치 사이의 거리

• Margin은 𝒘(기울기)로 표현가능

Concept of Margin

Class 1

Class 2

𝒘𝑻𝒙 + 𝒃 = 𝟎

Margin 
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Goal of SVM model

• 주어진 데이터를 통해 결정경계(decision boundary, maximum margin)를 찾는 것

Concept of Margin

Class 1

Class 2

𝒘𝑻𝒙 + 𝒃 = 𝟎

Margin 

Hard margin

Class 1

Class 2
Margin 

Soft margin
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Geometric Margin

Class 1 (-1)

Class 2 (+1)

𝒘𝑻𝒙 + 𝒃 = 𝟎

Margin 

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane
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Geometric Margin

Class 1 (-1)

Class 2 (+1)

𝒘𝑻𝒙 + 𝒃 = 𝟎

Margin 

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

𝒘𝑻𝒙𝒊 + 𝒃 ≥ 𝟏

𝒘𝑻𝒙𝒊 + 𝒃 ≤ −𝟏
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Geometric Margin

Class 1 (-1)

Class 2 (+1)

𝒘𝑻𝒙 + 𝒃 = 𝟎

Margin 

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

𝒘𝑻𝒙𝒊 + 𝒃 ≥ 𝟏

𝒘𝑻𝒙𝒊 + 𝒃 ≤ −𝟏

𝒙+ = 𝒙− + 𝝀𝒘
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Geometric Margin

Class 1 (-1)

Class 2 (+1)

𝒘𝑻𝒙 + 𝒃 = 𝟎

Margin 

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

𝒘𝑻𝒙𝒊 + 𝒃 ≥ 𝟏

𝒘𝑻𝒙𝒊 + 𝒃 ≤ −𝟏

𝒙+ = 𝒙− + 𝝀𝒘

𝒘𝑻𝒙+ + 𝒃 = 𝟏 ➔ 𝒙+가 plus−plane 위의 점

𝒘𝑻 𝒙− + 𝝀𝒘 + 𝒃 = 𝟏 (∵ 𝒙+ = 𝒙− + 𝝀𝒘)

𝒘𝑻𝒙− + 𝒃 + 𝝀𝒘𝑻𝒘 = 𝟏

−𝟏 + 𝝀𝒘𝑻𝒘 = 𝟏

𝒙−는 minus−plane 위의 점

∴ 𝝀 =
𝟐

𝒘𝑻𝒘

Vector norm 𝑾 𝒑 (𝒑 = 𝟏, 𝟐, 𝟑, … )
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𝑳𝟐 norm

* Vector norm

𝑾 𝒑 = ෍

𝒊

𝒘𝒊
𝒑

𝟏/𝒑

𝑾 𝟐 = ෍

𝒊

𝒘𝒊
𝟐

𝟏/𝟐

= 𝒘𝟏
𝟐 +𝒘𝟐

𝟐 +⋯+𝒘𝒏
𝟐 = 𝑾𝑻𝑾

𝑾𝑻 = 𝒘𝟏, 𝒘𝟐, … ,𝒘𝒏
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Margin

Geometric Margin

= 𝒙+ − 𝒙− 𝟐 

= 𝒙− + 𝝀𝒘 − 𝒙− 𝟐

= 𝝀𝒘 𝟐 

= 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒙+, 𝒙−  

= 𝝀 𝒘𝑻𝒘 

=
𝟐

𝒘𝑻𝒘
𝒘𝑻𝒘 

=
𝟐

𝒘𝑻𝒘
 

=
𝟐

𝒘 𝟐
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𝐦𝐚𝐱𝑴𝒂𝒓𝒈𝒊𝒏 =𝐦𝐚𝐱
𝟐

𝒘 𝟐
⇔𝐦𝐢𝐧

𝟏

𝟐
𝒘 𝟐

• 𝒘의 𝑳𝟐 norm이 제곱근을 포함하고 있기 때문에 계산이 어려움

• ➔ 계산상의 편의를 위해 목적함수 변형

𝒎𝒊𝒏
𝟏

𝟐
𝒘 𝟐 ⇔𝒎𝒊𝒏

𝟏

𝟐
𝒘 𝟐

𝟐

Geometric Margin

𝒘 𝟐 = 𝒘𝟏
𝟐 +𝒘𝟐

𝟐 +⋯+𝒘𝒏
𝟐
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Convex optimization problem

• Objective function (목적식)

• objective function은 separating hyperplane으로부터 정의된 margin의 역수

• Constraint (제약식)

• decision variable: 𝒘, 𝒃

• constraint는 training data를 완벽하게 separating하는 조건

• Objective function is quadratic and constraint is linear

• quadratic programming ➔ convex optimization

➔ globally optimal solution exists (전역최적해가 존재)

• training data가 linearly separable한 경우에만 해가 존재함

Hard Margin

𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆
𝟏

𝟐
𝒘 𝟐

𝟐

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 ≥ 𝟏, 𝒊 = 𝟏, 𝟐, … , 𝒏
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Original problem

Lagrangian Formulation

𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆
𝟏

𝟐
𝒘 𝟐

𝟐

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 ≥ 𝟏, 𝒊 = 𝟏, 𝟐, … , 𝒏

Lagrangian multiplier를 이용하여 문제 변환

𝒎𝒂𝒙
𝜶

𝒎𝒊𝒏
𝒘,𝒃

𝓛 𝒘, 𝒃, 𝜶 =𝒎𝒂𝒙
𝜶

𝒎𝒊𝒏
𝒘,𝒃

𝟏

𝟐
𝒘 𝟐

𝟐 −෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝜶𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏
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Original problem

Lagrangian Formulation

𝒎𝒂𝒙
𝜶

𝒎𝒊𝒏
𝒘,𝒃

𝓛 𝒘, 𝒃, 𝜶 =𝒎𝒂𝒙
𝜶

𝒎𝒊𝒏
𝒘,𝒃

𝟏

𝟐
𝒘 𝟐

𝟐 −෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝜶𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏

Lagrangian Primal problem

𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆
𝟏

𝟐
𝒘 𝟐

𝟐

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 ≥ 𝟏, 𝒊 = 𝟏, 𝟐, … , 𝒏

Lagrangian multiplier를 이용하여 문제 변환
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Solving Lagrangian Primal problem

• convex, continuous 이기 때문에 미분값=0인 지점에서 최솟값

Lagrangian Formulation

𝒎𝒊𝒏
𝒘,𝒃

𝓛 𝒘, 𝒃, 𝜶 =𝒎𝒊𝒏
𝒘,𝒃

𝟏

𝟐
𝒘 𝟐

𝟐 −෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝜶𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏

𝝏𝓛 𝒘, 𝒃, 𝜶

𝝏𝒘
= 𝟎 ⇒ 𝒘 =෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊𝒙𝒊

𝝏𝓛 𝒘, 𝒃, 𝜶

𝝏𝒃
= 𝟎 ⇒ ෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊 = 𝟎
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Solving Lagrangian Primal problem

Lagrangian Formulation

𝟏

𝟐
𝒘 𝟐

𝟐 −෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏

𝟏

𝟐
𝒘 𝟐

𝟐 =
𝟏

𝟐
𝒘𝑻𝒘 =

𝟏

𝟐
𝒘𝑻σ𝒋=𝟏

𝒏 𝜶𝒋𝒚𝒋𝒙𝒋

=
𝟏

𝟐
σ𝒋=𝟏
𝒏 𝜶𝒋𝒚𝒋 𝒘

𝑻𝒙𝒋

=
𝟏

𝟐
σ𝒋=𝟏
𝒏 𝜶𝒋𝒚𝒋 σ𝒊=𝟏

𝒏 𝜶𝒊𝒚𝒊𝒙𝒊
𝑻𝒙𝒋

=
𝟏

𝟐
σ𝒋=𝟏
𝒏 σ𝒊=𝟏

𝒏 𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋𝒙𝒊
𝑻𝒙𝒋

Recall:
𝝏𝓛 𝒘,𝒃,𝜶

𝝏𝒘
= 𝟎 ⇒ 𝒘 = σ𝒊=𝟏

𝒏 𝜶𝒊𝒚𝒊𝒙𝒊
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Solving Lagrangian Primal problem

Lagrangian Formulation

Recall

𝝏𝓛 𝒘, 𝒃, 𝜶

𝝏𝒃
= 𝟎 ⇒ ෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊 = 𝟎

𝟏

𝟐
𝒘 𝟐

𝟐 −෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏

−෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 = −෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 +෍

𝒊=𝟏

𝒏

𝜶𝒊

= −෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊𝒘
𝑻𝒙𝒊 − 𝒃෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊 +෍

𝒊=𝟏

𝒏

𝜶𝒊

= −෍

𝒊=𝟏

𝒏

෍

𝒋=𝟏

𝒏

𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋𝒙𝒊
𝑻𝒙𝒋 +෍

𝒊=𝟏

𝒏

𝜶𝒊
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Solving Lagrangian Primal problem

Lagrangian Formulation

𝒎𝒊𝒏
𝒘,𝒃

𝟏

𝟐
𝒘 𝟐

𝟐 −෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏

=෍

𝒊=𝟏

𝒏

𝜶𝒊 −
𝟏

𝟐
෍

𝒊=𝟏

𝒏

෍

𝒋=𝟏

𝒏

𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋𝒙𝒊
𝑻𝒙𝒋 𝒘𝒉𝒆𝒓𝒆෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊 = 𝟎
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Lagrangian Formulation

𝐦𝐚𝐱
𝜶

𝐦𝐢𝐧
𝒘,𝒃

𝓛 𝒘, 𝒃, 𝜶 =𝒎𝒂𝒙
𝜶

𝒎𝒊𝒏
𝒘,𝒃

𝟏

𝟐
𝒘 𝟐

𝟐 −෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝜶𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐,… , 𝒏

𝐦𝐚𝐱
𝜶

෍

𝒊=𝟏

𝒏

𝜶𝒊 −
𝟏

𝟐
෍

𝒊=𝟏

𝒏

෍

𝒋=𝟏

𝒏

𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋𝒙𝒊
𝑻𝒙𝒋

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐σ𝒊=𝟏
𝒏 𝜶𝒊𝒚𝒊 = 𝟎, 𝜶𝒊 ≥ 𝟎𝒊 = 𝟏, 𝟐, … , 𝒏

Lagrangian Dual
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Solving Lagrangian Dual problem

• decision variable: 𝛼

• original problem formulation (primal formulation)보다 풀기 쉬운 형태

• objective function is quadratic (𝜶𝒊, 𝜶𝒋) and constraint is linear (σ𝒊=𝟏
𝒏 𝜶𝒊𝒚𝒊 = 𝟎)

• ➔ quadratic programming ➔ convex optimization ➔ globally optimal solution exists

Lagrangian Formulation

𝒎𝒂𝒙
𝜶

෍

𝒊=𝟏

𝒏

𝜶𝒊 −
𝟏

𝟐
෍

𝒊=𝟏

𝒏

෍

𝒋=𝟏

𝒏

𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋𝒙𝒊
𝑻𝒙𝒋

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐σ𝒊=𝟏
𝒏 𝜶𝒊𝒚𝒊 = 𝟎, 𝜶𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏
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𝑤, 𝑏, 𝛼가 Lagrangian dual problem의 최적해가 되기 위한 조건

• 1) stationarity

• 2) primal feasibility

• 3) dual feasibility 

• 4) complementary slackness

KKT (Karush-Kuhn-Tucker) condition

𝝏𝓛 𝒘, 𝒃, 𝜶

𝝏𝒘
= 𝟎 ⇒ 𝒘 =෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊𝒙𝒊

𝝏𝓛 𝒘, 𝒃, 𝜶

𝝏𝒃
= 𝟎 ⇒ ෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊 = 𝟎

𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 ≥ 𝟏, 𝒊 = 𝟏, 𝟐, … , 𝒏

𝜶𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 = 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏
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1) 𝜶𝒊 > 𝟎 and 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 = 𝟎

• 𝒙𝒊가 plus-plane 또는 minus-plane (margin) 위에 있음

• margin 위에 있는 𝒙𝒊를 support vector라고 함

Characteristics of the Solutions

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 = 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏

𝒘𝑻𝒙 + 𝒃 = 𝟎

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane
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2) 𝜶𝒊 = 𝟎 and 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 ≠ 𝟎

• 𝒙𝒊가 plus-plane 또는 minus-plane (margin) 위에 있지 않음

• Hyperplane을 구축하는데 영향을 미치지 않음

Characteristics of the Solutions

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 = 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏

𝒘𝑻𝒙 + 𝒃 = 𝟎

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

Class 1
(-1)

Class 2 
(+1)



27

즉, 𝒙𝒊가 support vector인 경우에만 𝜶𝒊
∗ > 𝟎 이므로

• 𝒘∗ = σ𝒊=𝟏
𝒏 𝒂𝒊

∗𝒚𝒊𝒙𝒊 = σ𝒊∈𝑺𝑽𝒂𝒊
∗𝒚𝒊𝒙𝒊

• 𝒙𝒊만을 사용하여 decision boundary를 구할 수 있음

• 임의의 support vector 하나를 이용하여 𝒃∗

Characteristics of the Solutions

𝒘𝑻𝒙 + 𝒃 = 𝟎

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

Class 1
(-1)

Class 2 
(+1)

𝒘∗𝑻 + 𝒃 ∗ = 𝒚𝒔𝒗

𝒘∗𝑻 + 𝒃 ∗ =෍

𝒊=𝟏

𝒏

𝒂𝒊
∗𝒚𝒊𝒙𝒊

𝑻𝒙𝒔𝒗 + 𝒃∗ = 𝒚𝒔𝒗

𝒃∗ = 𝒚𝒔𝒗 −෍

𝒊=𝟏

𝒏

𝒂𝒊
∗𝒚𝒊𝒙𝒊

𝑻𝒙𝒔𝒗
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Classifying New data Points

𝒘𝑻𝒙 + 𝒃 = 𝟎

Plus-plane

Minus-plane

Class 1
(-1)

Class 2 
(+1)

새로운 데이터가 optimal separating hyperplane보다 밑에 있음

𝑤∗𝑇𝑥𝑛𝑒𝑤 + 𝑏∗ < 0 ⇒ ො𝑦𝑛𝑒𝑤 = −1

새로운 데이터가 optimal separating hyperplane보다 위에 있음

𝒘∗𝑻𝒙𝒏𝒆𝒘 + 𝒃∗ > 𝟎 ⇒ ෝ𝒚𝒏𝒆𝒘 = +𝟏

ෝ𝒚𝒏𝒆𝒘 = 𝐬𝐢𝐠𝐧 𝒘∗𝑻𝒙𝒏𝒆𝒘 + 𝒃∗ = 𝐬𝐢𝐠𝐧 ෍

𝒊∈𝑺𝑽

𝒂𝒊
∗𝒚𝒊𝒙𝒊

𝑻𝒙𝒏𝒆𝒘 + 𝒃∗
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Linearly Non-separable Problems

Linearly separable Linearly non-separable

Linear decision boundary를 이용하여 완벽하게 나누는 것은 불가능 ➔ Error 허용 
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Linearly Non-separable Problems

Class 1 (-1)

Class 2 (+1)

𝒘𝑻𝒙 + 𝒃 = 𝟎

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

𝒘𝑻𝒙𝒊 + 𝒃 ≥ 𝟏

𝒘𝑻𝒙𝒊 + 𝒃 ≤ −𝟏

𝒙𝒋

𝒙𝒊

𝝃𝒋

𝝃𝒊
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Convex optimization problem

• decision variable: 𝒘, 𝒃, 𝝃

• slack variable 𝝃𝒊 ≥ 𝟎

• training error를 허용 (마냥 크게 할 수는 없음)

• objective function에 penalty를 추가하여 억제

• 𝑪는 margin과 training error에 대한 trade-off를 결정하는 hyperparameter

• training data가 linearly separable하지 않아도 해가 존재함

Soft Margin

𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆
𝟏

𝟐
𝒘 𝟐

𝟐 + 𝑪෍

𝒊=𝟏

𝒏

𝝃𝒊

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 ≥ 𝟏 − 𝝃𝒊, 𝝃𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐,… , 𝒏

𝑪 ↑: training error를 많이 허용하지 않음

𝑪 ↓: training error를 많이 허용
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Lagrangian Formulation

Lagrangian
Primal and Dual

Original Problem

Lagrangian
multiplier

𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆
𝟏

𝟐
𝒘 𝟐

𝟐 + 𝑪෍

𝒊=𝟏

𝒏

𝝃𝒊

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 ≥ 𝟏 − 𝝃𝒊, 𝝃𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏

𝐦𝐚𝐱
𝜶,𝜸

𝐦𝐢𝐧
𝒘,𝒃,𝝃

𝓛 𝒘, 𝒃, 𝜶, 𝝃, 𝜸

= 𝒎𝒂𝒙
𝜶,𝜸

𝒎𝒊𝒏
𝒘,𝒃,𝝃

𝟏

𝟐
𝒘 𝟐

𝟐 + 𝑪෍

𝒊=𝟏

𝒏

𝝃𝒊 −෍

𝒊=𝟏

𝒏

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 −෍

𝒊=𝟏

𝒏

𝜸𝒊𝝃𝒊

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝜶𝒊 ∙ 𝜸𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐,… , 𝒏

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐σ𝒊=𝟏
𝒏 𝜶𝒊𝒚𝒊 = 𝟎 𝒂𝒏𝒅 𝟎 ≤ 𝜶𝒊 ≤ 𝑪, 𝒊 = 𝟏, 𝟐,… , 𝒏

𝒎𝒂𝒙
𝜶

෍

𝒊=𝟏

𝒏

𝜶𝒊 −
𝟏

𝟐
෍

𝒊=𝟏

𝒏

෍

𝒋=𝟏

𝒏

𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋𝒙𝒊
𝑻𝒙𝒋
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Lagrangian Formulation

Lagrangian dual-Soft margin

Lagrangian dual-Har margin

𝒎𝒂𝒙
𝜶

෍

𝒊=𝟏

𝒏

𝜶𝒊 −
𝟏

𝟐
෍

𝒊=𝟏

𝒏

෍

𝒋=𝟏

𝒏

𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋𝒙𝒊
𝑻𝒙𝒋

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐σ𝒊=𝟏
𝒏 𝜶𝒊𝒚𝒊 = 𝟎 𝒂𝒏𝒅 𝟎 ≤ 𝜶𝒊 ≤ 𝑪, 𝒊 = 𝟏, 𝟐, … , 𝒏

𝒎𝒂𝒙
𝜶

෍

𝒊=𝟏

𝒏

𝜶𝒊 −
𝟏

𝟐
෍

𝒊=𝟏

𝒏

෍

𝒋=𝟏

𝒏

𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋𝒙𝒊
𝑻𝒙𝒋

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐σ𝒊=𝟏
𝒏 𝜶𝒊𝒚𝒊 = 𝟎 𝒂𝒏𝒅 𝜶𝒊 ≥ 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏
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KKT condition

Complementary slackness

𝝏𝓛 𝒘, 𝒃, 𝜶

𝝏𝒘
= 𝟎 𝒘 =෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊𝒙𝒊

𝝏𝓛 𝒘, 𝒃, 𝜶

𝝏𝒃
= 𝟎 ෍

𝒊=𝟏

𝒏

𝜶𝒊𝒚𝒊 = 𝟎

𝝏𝓛 𝒘, 𝒃, 𝝃, 𝜶, 𝜸

𝝏𝝃
= 𝟎 𝑪 − 𝜶𝒊 − 𝜸𝒊 = 𝟎

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 + 𝝃𝒊 = 𝟎, 𝜸𝒊𝝃𝒊 = 𝟎, 𝒊 = 𝟏, 𝟐, … , 𝒏
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1) 𝜶𝒊 = 𝟎 ⇒ 𝑪 = 𝜸𝒊

𝒙𝒊가 plus-plane 또는 minus-plane (margin) 위에 있지 않음

Characteristics of the Solutions

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 + 𝝃𝒊 = 𝟎, 𝜶𝒊 = 𝑪 − 𝜸𝒊, 𝜸𝒊𝝃𝒊 = 𝟎, 𝒊 = 𝟏, 𝟐,… , 𝒏

⇒ 𝝃𝒊 = 𝟎

⇒ 𝒚𝒊 𝒘
𝑻 + 𝒃 − 𝟏 ≠ 𝟎

𝒘𝑻𝒙 + 𝒃 = 𝟎

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

Class 1
(-1)

Class 2 
(+1)
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2) 𝟎 < 𝜶𝒊 < 𝑪 ⇒ 𝜸𝒊 > 𝟎

𝒙𝒊가 plus-plane 또는 minus-plane (margin) 위에 있음

(support vector)

Characteristics of the Solutions

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 + 𝝃𝒊 = 𝟎, 𝜶𝒊 = 𝑪 − 𝜸𝒊, 𝜸𝒊𝝃𝒊 = 𝟎, 𝒊 = 𝟏, 𝟐,… , 𝒏

⇒ 𝝃𝒊 = 𝟎

⇒ 𝒚𝒊 𝒘
𝑻 + 𝒃 − 𝟏 = 𝟎

𝒘𝑻𝒙 + 𝒃 = 𝟎

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

Class 1
(-1)

Class 2 
(+1)
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3) 𝜶𝒊 = 𝑪 ⇒ 𝜸𝒊 = 𝟎

𝒙𝒊가 plus-plane 또는 minus-plane (margin) 사이에 있음

(support vector)

Characteristics of the Solutions

𝜶𝒊 𝒚𝒊 𝒘
𝑻𝒙𝒊 + 𝒃 − 𝟏 + 𝝃𝒊 = 𝟎, 𝜶𝒊 = 𝑪 − 𝜸𝒊, 𝜸𝒊𝝃𝒊 = 𝟎, 𝒊 = 𝟏, 𝟐,… , 𝒏

⇒ 𝝃𝒊 > 𝟎

⇒ 𝒚𝒊 𝒘
𝑻 + 𝒃 − 𝟏 = 𝜶𝒊𝝃𝒊 ≠ 𝟎

𝒘𝑻𝒙 + 𝒃 = 𝟎

𝒘𝑻𝒙 + 𝒃 = −𝟏

𝒘𝑻𝒙 + 𝒃 = 𝟏

Plus-plane

Minus-plane

Class 1
(-1)

Class 2 
(+1)
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데이터에 비선형성이 있을 때는 어떻게 분류할까?

Nonlinear Decision Boundary

Linear decision boundary Nonlinear decision boundary
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Transforming Data

𝒙 = 𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏 → 𝝓 𝒙 = 𝒛 = 𝒛𝟏, 𝒛𝟐, … , 𝒛𝒏

Input Space 𝑹𝒑 Feature Space 𝑹𝒒

𝒑 ≪ 𝒒

Transform
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Example of Transforming Data

𝑿𝟐

𝑿𝟏

𝑿𝟐
𝟐

𝑿𝟏

Complex structure of low dimension

Simple structure of high dimension

Separation plane



41

Example of Transforming Data

𝝓:𝒙 ↦ 𝒛 = 𝝓 𝒙

𝝓: 𝒙𝟏, 𝒙𝟐 ↦ 𝒙𝟏, 𝒙𝟐, 𝒙𝟏
𝟐, 𝒙𝟐

𝟐, 𝒙𝟏, 𝒙𝟐

6D
(feature space)

2D
(original space)

• original space를 feature space로 변환하여 학습에 활용

• original space에서 nonlinear decision boundary ➔ feature space에서 linear decision boundary

• 고차원 feature space에서 관측치 분류가 더 쉬울 수 있음

• 고차원 feature space를 효율적으로 계산할 수 있는 방법 존재 (Kernel mapping, kernel trick)
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Kernel Mapping

ෝ𝒚𝒏𝒆𝒘 = 𝐬𝐢𝐠𝐧 ෍

𝒊∈𝑺𝑽

𝒂𝒊
∗𝒚𝒊𝒙𝒊

𝑻𝒙𝒏𝒆𝒘 + 𝒃∗

ෝ𝒚𝒏𝒆𝒘 = 𝐬𝐢𝐠𝐧 ෍

𝒊∈𝑺𝑽

𝒂𝒊
∗𝒚𝒊𝝓 𝒙𝒊 𝝓 𝒙𝒏𝒆𝒘 + 𝒃∗

= 𝐬𝐢𝐠𝐧 ෍

𝒊∈𝑺𝑽

𝒂𝒊
∗𝒚𝒊𝑲 𝝓 𝒙𝒊 , 𝝓 𝒙𝒏𝒆𝒘 + 𝒃∗
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Example of Nonlinear SVM using Kernel Function

• 1-dimensional data 분류 문제

• C=100

• Linearly non-separable problem ➔ kernel function 사용

x y

1 +1

2 +1

4 -1

5 -1

6 +1

𝑲 𝒙, 𝒚 = 𝒙𝒚 + 𝟏 𝟐
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Example of Nonlinear SVM using Kernel Function

Solution

x y

1 +1

2 +1

4 -1

5 -1

6 +1

𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝟒 𝛂𝟓

0 2.5 0 7.333 4.833

𝒎𝒂𝒙
𝜶

෍

𝒊=𝟏

𝟓

𝜶𝒊 −
𝟏

𝟐
෍

𝒊=𝟏

𝟓

𝜶𝒊𝜶𝒋𝒚𝒊𝒚𝒋 𝒙𝒊𝒙𝒋 + 𝟏
𝟐

𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐σ𝒊=𝟏
𝟓 𝜶𝒊𝒚𝒊 = 𝟎 𝒂𝒏𝒅 𝟎 ≤ 𝜶𝒊 ≤ 𝟏𝟎𝟎

𝒇 𝒙 = ෍

𝒊∈𝑺𝑽

𝒂𝒊
∗𝒚𝒊𝑲 𝝓 𝒙𝒊 , 𝝓 𝒙𝒏𝒆𝒘 + 𝒃
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Example of Nonlinear SVM using Kernel Function

Solution

𝒇 𝒙 = 𝟐. 𝟓 +𝟏 𝟐𝒙 + 𝟏 𝟐 + 𝟕. 𝟑𝟑𝟑 −𝟏 𝟓𝒙 + 𝟏 𝟐 + 𝟒. 𝟖𝟑𝟑 +𝟏 𝟔𝒙 + 𝟏 𝟐 + 𝒃
= 𝟎. 𝟔𝟔𝟕𝒙𝟐 − 𝟓. 𝟑𝟑𝟑𝒙 + 𝒃

𝒙 = 𝟐 ⇒ 𝒇 𝟐 = 𝟎. 𝟔𝟔𝟕 ∗ 𝟐𝟐 − 𝟓. 𝟑𝟑𝟑 ∗ 𝟐 + 𝒃 = 𝟏
𝒃 = 𝟖. 𝟗𝟗𝟑

𝒇 𝒙 = 𝟎. 𝟔𝟔𝟕𝒙𝟐 − 𝟓. 𝟑𝟑𝟑𝒙 + 𝟖. 𝟗𝟗𝟑
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Choosing Kernel Functions

SVM 사용시 kernel을 결정하는 것은 어려운 문제 (기준은 없음)

사용하는 kernel에 따라 feature space의 특징이 달라지기 때문에 데이터의 특성에 맞는 kernel 결정해야 함

일반적으로 RBF kernel, sigmoid kernel, low degree polynomial kernel 등이 사용됨

• linear kernel

• polynomial kernel

• sigmoid kernel

• RBF kernel (Gaussian kernel, Radial basis function)

𝑲 𝒙𝟏, 𝒙𝟐 = 𝒙𝟏, 𝒙𝟐

𝑲 𝒙𝟏, 𝒙𝟐 = 𝐚 𝒙𝟏, 𝒙𝟐 + 𝒃 𝒅

𝑲 𝒙𝟏, 𝒙𝟐 = 𝒕𝒂𝒏𝒉 𝐚 𝒙𝟏, 𝒙𝟐 + 𝒃

𝑲 𝒙𝟏, 𝒙𝟐 = 𝒆𝒙𝒑
− 𝒙𝟏 − 𝒙𝟐 𝟐

𝟐

𝟐𝝈𝟐
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