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SVM

SVM has been shown to be able to achieve good generalization performance for classification of high-

dimensional data sets and its training can be framed as solving a quadratic programming problem
» usually we try to maximize classification performance for the training data

but, if the classifier is too fit for the training data, the classification ability for unknown data (i.e., the

generalization ability) is degraded

there is a trade-off between the generalization ability and fitting to the training data

SVM is trained so that the direct decision function maximizes the generalization ability

SVM is based on statistical learning theory



Separating Hyperplane

Classification problem

) Q w: normal vector of the hyperplane

0 0 b: bias



Separating Hyperplane
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Separating Hyperplane

Maximizing margin over the training set
= minimizing generalization error

= good prediction performance

So, what is the margin?



Concept of Margin
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Concept of Margin

Goal of SVM model
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Geometric Margin

@ Class 2 (+1)

Plus-plane

\ T _
\ wix+b=1

\

« wix+b=0
Minus-plane

wix+b=-1



Geometric Margin
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Geometric Margin
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Geometric Margin

wlix;+b < -1
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* Vector norm
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Geometric Margin

Margin = distance(x*,x™)
= |lx* — x7||2
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Geometric Margin
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Hard Margin

Convex optimization problem
1
« Objective function (224]) minimize E”W”%

 objective function2 separating hyperplaneL 2 £.E{ AJ2|=| marging| 4

« Constraint (H|2FAl) subject toy;(w'x; +b) >1,i=1,2,..,n
» decision variable: w, b

« constraint= training datag tH5}A| separatingSt= 27

» Objective function is quadratic and constraint is linear

» quadratic programming =» convex optimization

=> globally optimal solution exists (M2|Z5l|7} Z2H)

« training dataZ} linearly separablegt 73-ojat s{j7} Zafi5t
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Lagrangian Formulation

Original problem

minimize > w3

subject to y;(w'x; +b) >1,i=1,2,..,n
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Lagrangian Formulation

Original problem

minimize > w3

subject to y;(w'x; +b) >1,i=1,2,..,n

Lagrangian multiplierZ OI&6t0 2| H

V/

n

1
- —_ - 2 T
mgxnv},’lglﬁ(w, b, a) —moc{lxn‘},,lgti lwl|3 — El a,-(yi(w x; + b) — 1)
i=
subjecttoa; = 0,i =1,2,...,n

Lagrangian Primal problem
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Lagrangian Formulation

n

1
p . 2
nv}’,lgzﬁ(w, b,a) =miny lwl|3 — Z a;(y;(wlx; +b) — 1)
1=
subjecttoa; = 0,i=1,2,....,n

Solving Lagrangian Primal problem

« convex, continuous ©|7| mf-2of| o|EZk=021 z|A oM 2|47}

n

0L(w,b, )

aw =0 = w = zl a;yiXi
i=

n

0L(w,b,a)
1=
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Lagrangian Formulation

dL(w,b,a)
ow

Recall: =0 = w=YL,aYiX;

Solving Lagrangian Primal problem

n

1
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Lagrangian Formulation

Recall
Solving Lagrangian Primal problem
GL(W b,a)
1 . )
Slwi3 = > a(yi(w'x; + b) - 1)
i=1
n n n
o — z a;(yi(wlx;+b)—1) = —Z a;yi(wlx; + b) + Z a;
i=1 i=1 i=1
n n n
= - z ayw'xi—b ) a;y; + Z a;
i=1 i=1 i=1
n n
Z Z a,a]yly]x X + Z a;
i=1j=1

=0= Zalyl—ﬂ
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Lagrangian Formulation

Solving Lagrangian Primal problem

ns w3
min—||wW —
wb 2 2

n

z a;(y;(wlx; +b) — 1)

i=1

n n

n n
1
= Z a; — EZ Z a;a;y;yjxixj where Z a;y; =0

i=1 i=1j=1 i=1
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Lagrangian

Formulation

1 n
= _ . 2 T
maxmin L(w, b, ) = max min > |wlz - Z a;(yi(w'x; + b) — 1)
i=
subjecttoa; =2 0,i=1,2,....,n

n

n n n
1 1
lgjiglz lwll — Z a;(yi(wx; + b) — 1) Ez Z a;a;y;yjxi xj where Z a;y; =0
i=1 j=1 1

M:

mx

v
> -1 syl
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Lagrangian Dual
subjectto)} ;a;y; =0,a; > 0i =1,2,.
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Lagrangian Formulation

Solving Lagrangian Dual problem
n n n
1 T
mgxz a; — Ez z aia]-yiiji xj

 decision variable: «
- original problem formulation (primal formulation)2Cl 7| $|-& e
- objective function is quadratic (a;, ;) and constraint is linear (3} a;y; = 0)

« =>» quadratic programming = convex optimization = globally optimal solution exists
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KKT (Karush-Kuhn-Tucker) condition

w, b, a?} Lagrangian dual problem®| 2|X5lj7} £|7| &5t 27

« 1) stationarity dL(w, b, a)
ow

n
=0 = w=2aiyixi
i=1

0L(w,b,a) 3

b 0>

a;y; =0

n

i=1

« 2) primal feasibility y;(w'x;+b)>1i=1,2,..,n

« 3) dual feasibility a; =20,i=1,2,..,n

« 4) complementary slackness a;(yi(w'x; +b)—1)=0,i=1,2,..
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Characteristics of the Solutions

a;(yi(wlx; +b)—1)=0,i=1,2,..,n

1) a; >0 and y;(wlx; + b)—1=10
o x;7} plus-plane E-= minus-plane (margin) ${oll Y&

 margin ¢°l| = x;& support vectorzti &t

\
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wix+b=-1
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Characteristics of the Solutions

a;(yi(wlx; +b)—1)=0,i=1,2,..,n

2) a; = 0 and yi(wai+b)—1 *0

« x;7| plus-plane E+= minus-plane (margin) £{ol| 3}%|
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Characteristics of the Solutions

Z, x;7} support vectorl! 73 oj2t a; > 0 o|BE
* W'=Y 4YiXi = Yiesy A YViXi
« x;9F2 AFBS}o{ decision boundaryE 7+ 4 U

« Yolo| support vector SfLI-E ©|-85}o{ b
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Classifying New data Points

M2 -& glo|E{7} optimal separating hyperplaneHC} Toj| Q1S

W% oy +b* <0 = Ppopw = —1
Class 2
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@ \
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iesv
)
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Linearly Non-separable Problems

Linearly separable

Linear decision boundaryE o|-85to] 51| LI+

Linearly non-separable
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Linearly Non-separable Problems

\ Class 2 (+1)
TN
\\ fl 0 0
N 9 wix;+b>1
) Y Plus-plane
D N T
v\ wx+b=1
Class 1 (-1) 0 N
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Soft Margin

Convex optimization problem
n
.1
minimize 3 lwl|3 + CZ &
i=1

subject toy;(wlx;+b) > 1—¢,

decision variable: w, b, &

slack variable &; > 0
* training errorg & (OpF 3AH & = &12)

* objective function©l| penaltyE 37|5f0{ A

training dataZ} linearly separableS®| ot & Slj7} ZzHGH

Eizor

C T: training error

C l: training error

C = marginZ} training errorol| CiZt trade-off-& ZA%d5t= hyperparameter
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Lagrangian Formulation

n
1
minimize 2 ||W||% + CZ &
Original Problem i=1
subjecttoy;(wix;+b)>1-¢;, §>0,i =1,2,..,n

maxmin L(w, b, a, §,7)
ay W,b,f

Lagrangian

n n
1
T . . 2
multiplier = maxmin; lwl|3 + CZ & — Z a;(y;(wlx; +b) — 1) —
i= i=

subjecttoa; -y; =20,i=1,2,...,n

n n
1
Lagrangian maxz a; — —Z Z a;a;y;yix; x;
. a 2
Primal and Dual i=1 i=1j=1

subjectto) ! ;a;y;=0and0<a; < C,i=1,2,..,n

n
z Yii
i=1
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Lagrangian Formulation

Lagrangian dual-Soft margin

n n n
1 T
mgx a; — EZ Z aia]-yiiji x]'
=1 i=1j=1

i
subjectto) ,a;y;=0and0<a; < C,i=1,2,.

Lagrangian dual-Har margin

max
a

-

1]
[

n

subjectto); ,a;y;=0and a; > 0,i =1,2,.

£M=

l
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KKT condition

dL(w, b, a) =
aw =0 W= Z a;yiXi
1=

0L(w,b, )
ab O 2 Y=

dL(w,b, ¢, ay) 0
0 B

Complementary slackness

a;(yi(wlx; +b)—1+&)=0,y§=0,i=12,..,n
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Characteristics of the Solutions

a,-(yi(WTxi + b) -1+ El) = O, a; = C — Yi

= (y;(wlf'+b)—1) %0

x;7} plus-plane E-£ minus-plane (margin) ¢lof| 3!2| ¥

yifi = 0, i = 1,2,...,n

Class 1
(-1)

Minus-plane

\\ Plus-plane
swix+b=1
T _
\ wx+b=0

wix+b=-1
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Characteristics of the Solutions

a,-(yi(WTxi + b) -1 +€l) = O, a; = C—yi, YiEi = 0, i = 1,2, ., N

220<a;<C=y;>0

x;?} plus-plane = minus-plane (margin) ¢ofl =

(support vector)

Class 2
J  (+1)
\
N QO U
\ 9
o\ ® O
(\) ’\)
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J T _
Class 1 *wixtb=1
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\ wa+b=0
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Minus-plane
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Characteristics of the Solutions

a,-(yi(WTxi + b) -1 +€l) = O, a; = C—yi, YiEi = 0, i = 1,2, ., N

3) ai=C$ yl=0
=& >0
= (yi(w'+b)-1) =a;§; # 0

Class 2
. . Jd  (+)
x;7| plus-plane EE+= minus-plane (margin) Alo|of| Q|2 \ 5
\ \
(support vector) A Q
-
O O
: \\ Plus-plane
W N wT -1
Class 1 wix+b

(-1)

\ wa+b=0

wix+b=-1

Minus-plane
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Nonlinear Decision Boundary

Hjo|E{of| ]4i%g/gol

olE Th ofPH| £EUTR

Linear decision boundary

v

Nonlinear decision boundary

v
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Transforming Data

x = (xq,%x9, ...

4 Input Space RP

rxn) - ¢(x) =Z = (erZZr "'rzn)

[
»

Feature Space R4

:0:.0 N :: ’ ';:)> :::0033':
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Example of Transforming Data

X,

a

—09090 909090 90—x,

Complex structure of low dimension

Separation plane

Simple structure of high dimension
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Example of Transforming Data

¢p:x >z =d(x)
¢: (xll xZ) = (xlr x21x%1 x%, X1, xZ)
2D 6D
(original space) (feature space)

« original spaceE feature spaceZ HiZlslo] Gt4of &
« original space®l|X] nonlinear decision boundary = feature space©j|X| linear decision boundary
« 1x}% feature spaceof|A] & x| LEJ} O H&

A
A
« 12}% feature spaceE TE&Ho 2 AH4H 4 = W £ (Kernel mapping, kernel trick)
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Kernel Mapping

ynew = Sig“(

Ynew = Sig“(

= sign (
€SV

2 a;yixgxnew + b*>

iesv

2 a;yiP(x) P (Xnew) + b*)

iesv

N @yK(§ (), () + b

|
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Example of Nonlinear SVM using Kernel Function

« 1-dimensional data & |
e C=100

« Linearly non-separable problem = kernel function A&

K(x,y) = (xy + 1)?

1 | +1
2 | +1
4 | -1 OO o090
5 | -1
6 | +1
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Example of Nonlinear SVM using Kernel Function

Solution

5 5
1 2

1 +1 mgxz a; — E “i“jJ’in(xixj + 1)

2 | +1 i=1 i=1

4 | 1

5 | -1 _ i

6 | +1 subjectto};_; ;y; = 0 and 0 < a; < 100

0y s

) =) @YK@, ¢Ene) + b
0 |25| 0 | 7.333 | 4.833 &
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Example of Nonlinear SVM using Kernel Function

Solution

f(x) =2.5(+1)(2x+1)?>+7.333(-1)(5x + 1)> + 4.833(+1)(6x + 1)* + b
=0.667x*—5.333x+b

x=2>f(2)=0.667+2%2-5333x2+b=1
b = 8.993

f(x) =0.667x* —5.333x + 8.993

9@ o9
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Choosing Kernel Functions

SVM AlRA| kernel 2ot A2 o 4| (P12 2 ¢2)
Ar85F= kernelol| @2} feature space2| E%Jo| &hafz|7| mi-gof Hlo|e{e| E/do]| Zr= kernel ZA#ISHof &t

Qutxo 2 RBF kernel, sigmoid kernel, low degree polynomial kernel §°| Af&E!

linear kernel K{(xq,x2) = (x1,x2)

polynomial kernel K({x;,x,) = (a{xq,x5) + b)*“

sigmoid kernel K(x1,x;) = tanh(a{xy, x2) + b)

—||x1 — xz”%)

RBF kernel (Gaussian kernel, Radial basis function) K(xq1,x2) = exp( 202



End of slide
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