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Hidden Markov Model 7l &

- Hidden Markov Model (HMM) O|Zt?

« TXHOIHE 2 &AM (Stochastic) 22 RHIES= MM RDE (Generative Model)
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Markov Model

«  Markov Model O|ZF?
« StateZ O|F0{Zl SequenceE HEf TO| =tF HH= HIHS= A

« JEf TO| =E AZE O Al

E ot + = = £ ol
N O S OO OO OO
State: {H|, ol{} To
H| e}
State transition probability matrix : From H O O
(JEf HO| =HE H3)
410 0
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Markov Model

«  Markov Model O|ZF?
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Markov Model

«  Markov Model O|ZF?
« StateZ O|F0{Zl SequenceE HEf TO| =tF HH= HIHS= A
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Markov Model

«  Markov Model O|ZF?
« StateZ O|F0{Zl SequenceE HEf TO| =tF HH= HIHS= A

« JEf TO| =E AZE O Al

E ot + = = £ ol
R TR EEE
R ) S O OO OO O
State: {H|, ol{} To
H| e}
State transition probability matrix : From H 1 2
(JEf HO| =HE H3)
L

16



Markov Model

«  Markov Model O|ZF?
« StateZ O|F0{Zl SequenceE HEf TO| =tF HH= HIHS= A

« JEf TO| =E AZE O Al

ot
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0
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________________________________________________________

State: {H|, ol{} To

State transition probability matrix : From
(SEj Ho| =& WH)
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Markov Model

Markov Model O|2t?

«  Markov 713 A|ZF 0| M 252 7HE Z2 72| 2F0) Tt o|EotCh= 71

- oF JEOA CtE HEfZELQ| ™O|= O HEj2| 71 O|HE HeX| Ct= 71
- Ifr=1, p(5t|5t—1;5t—2 "‘51) = p(5t|5t—1)

« Ifr=2 p(5t|5t—1;5t—2 "’51) = p(5t|5t—1»5t—2)

First order Markov model

O-O-O-O-0O-0O-0O

Second order Markov model

C OO0
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Markov Model

« Parameters of the Markov model

. ME{ HO| 2HE W Ag))
Matrix Form Graph Form

S1

s3 1Ad31 AaAzz dz3.




Hidden Markov Model 7 4

« Hidden Markov Model O|2t?
« Type 1 state sequence : (sq,52,53,***,ST_1,ST)

« Type 2 state sequence : (04,0,,03,**,07_1,07)

o =t A
= (=]} T = =

£ 2
e () OSSOSO
(type 1)
e (DG B @@
(type 2)

T2 AlZHof ot &= BZF 9| state sequence ZH2fo| £t O =9| ZHAE 0|8l R H 2

-T
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Hidden Markov Model 7 4

« Hidden Markov Model O] 2?
- Hidden state sequence : (s4,53,53,**, S7—1,ST)

Observable state sequence : (04, 05,03,**,07_1,07)

o = AL —1
= =], T = =

£ =
s () (D>
(Hidden)

seene | (G—~G D)@ E—E
(Observable)

O| 7t (Observable)

A

Type 1 Sequence= =744 QU1 (Hidden), Type 2 Sequence=

21



Hidden Markov Model 7 4

« Hidden Markov Model O] 2?
- Hidden state sequence : (s4,53,53,**, S7—1,ST)

«  Observable state sequence : (04,05,03,**,07_1,07)

Sequence
(Hidden)

Sequence
(Observable)

 Hidden sequence?t Markov assumptione 5 -> =Xt& EMZ Ht Y

+  Observable sequences =Xt E-d5 BIESt= Hidden sequencedl| 5%

22



Hidden Markov Model 7 4

« Hidden Markov Model

Hidden Markov model (Graph Form)

23



Hidden Markov Model 0| A|

« Hidden Markov Model 0| X| (Observable vs Hidden)

EXOIol s (AT O Atx O1| [Cr2f SPM

CICHE AH[ 20 [HE M =

SoaA HiEE MHE ZM $§

S MZEEO e O J0| BAYE HAte F =5

DNA E7IME (ACGT )0A o= EE20| FTX} (Gene) K| =5
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Hidden Markov Model — Parameters

« Parameters of a hidden Markov model
» A(ay)): State transition probability matrix (&E{T0[ZHE W A)
L

*  B(bji) : Emission probability matrix (&=

¢3 Ld31 d3zz2 d33]

01 b11 b12 b13

03 b31 b32 b33



Hidden Markov Model — Parameters

« Parameters of a hidden Markov model
* A(ayj): State transition probability matrix
*  B(bj) : Emission probability matrix

ni(m;) : Initial state probability matrix

Hidden states

Observations
St=0

51 TTlq T

m= 52 T,
S3 T3




Hidden Markov Model — Parameters

« Parameters of a hidden Markov model (1)

* A(ayj): State transition probability matrix

ni(m;) : Initial state probability matrix

t=1 t=2 = t=T
( \I
Hidden states i
Observations 0, 0, Or
St=0 S1 S2 S3 S1 S2 S3
51 1Tl a a Aq2] 01 [ 7
1 S1 11 12 13 b11 b12 b13

M= 352ITMy| A= 52 |Az1 Q22 Q3| B= 02 |p,, b,, b,
S3 1-[3_ S3 _a31 a32 a33_ 03 b31 b32 b33




Hidden Markov Model — Parameters

Parameters of a hidden Markov model : 1 = {4, B, i}

- State transition probability matrix (4) : 4 = |a;;|

A -> HMMol II-E"‘|. 53 |:|-O )kI-EHE 7:|I-|

aij =p(qer1 =Sj|qr =5i),1<i,j<n
2?:1 a;j = 1

B= HMMO| Oj= EiO =EotRls M, O SEj0A 2=

bi(we) - 24 AEf bOIN BEK vt EEE 85
bj(vy) = P(o; = vilq: = sj), 1<j<n 1<k<m

« Initial state probability matrix (m) : m = |m;]

m-> HMM & 7tSA|Z I = HEjOIM A[RX] 27
m; -> s; Ol A& =&

j= j=am =1

28



Main Problems of Hidden Markov Models

Hidden Markov Model 1 = [A, B, 1]
Three problems of hidden Markov model

« Given HMM (1*) and O, find the probability of O -> Evaluation problem

« Given HMM (1*) and O, find the optimal hidden state sequence (S) -> Decoding problem

« Given X ={04, -, 0y}, find the HMM (1*) -> Learning problem

HMM (1)

_______________________________

_________________________________

Observations 04 0, 0;

29



Main Problems of Hidden Markov Models

Hidden Markov Model 1 = [A, B, 1]
Three problems of hidden Markov model

« Given HMM (1*) and O, find the probability of O -> Evaluation problem

« Given HMM (1*) and O, find the optimal hidden state sequence (S) -> Decoding problem

« Gicen X = {04,+, 0y}, find the HMM (1) -> Learning problem

Testing sequence data

0 = {19920710}
Training sequence data(X) '

0, = {19920710} 1 .

Learning | . .
0, = {24681379} > HMM A* = (4, B, )
Evaluation D in
0, = (91863801} valuatio l l ecoding
Forward State sequence
probability

30



Hidden Markov Models - Evaluation

Evaluation problem
Problem : Given HMM (1*) and O, find the probability of O

Solution : Forward algorithm

Example : 3 2AZF @5 AFA LY AFA g A5, 20 &Y =HE27

31



Hidden Markov Models -

Probability (o, = &t™ o0, = L1
Probability (o, = 2t o, = AHM

Evaluation
03 = AT, 0, = 2
05 = 9, 0, = 2T | |, 1] |, 1)

32



Hidden Markov Models - Evaluation

1 H

2 H: H| | ol Probability (o, = 2™, 0, = MM 0, = A 0, = & H)
3 H| | sl | H] Probability (o, = 2™, 0, = APM o, = AL o, = &T | H|, 1|, 4|, H])
4 s | bl | &

5 H | H] | H|

6 TR

! o ZH EI T 429 = =24 =167}

8 Hl | of | ol

9 Hl | ] | &)

10 Hl | 8 | &

11 s | bl | o)

12 s | o | H]

13 s | of | o

14 Hl | o) | of

15 s | B | o

16 s | of | o




Hidden Markov Models

1 | Hl | H | H|

2 | Hl | ° | H | sf
3 | H | H | s | H
4 | Hl | s | H | H|
5 | of | Hl | H] | H
6 | ol | s | H| | H|
7 | Hl | of | sf | H
8 | Hl | H | of | sH
9 | of | H | H| | ol
10 | of | H] | of | H
11 | H] | s | H| | sH
12 | H] | s} | of | H
13 | H| | of | sf | sH
14 | of | H] | of | si
15 | of | s | H| | sH
16 | off | off | s | sH

Probability (o, = 4t

Probability (o, = At

Oft
O
40

|O

-

XxH
N

=

=~

Evaluation
, 07 =A|_|-x—||.|, O3 = E—_ll :ﬁ-l_él)
L0, = A o) = GITL o, = & | | H], H|, )

- Sequence Z0| =T
T 892 = =NT
= AEf f4 = 3
Sequence Z0| = 20
5 Z9 & = 320 =3,486,784,4017 (¥ 359)
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Hidden Markov Models - Evaluation

ay, = 0.7 a;; =03

 Evaluation problem
. Problem : Given HMM (1) and O, find the probability of O "(*%)-
 Solution : Forward algorithm

o Example : & HAIZ} @5 AR LR A

A, 22 67, 2T 4T HBL7
T=1 T=2 T=3 T =4
S1(H))
states
S, (BH)
Observations 0, = AbxH 0, = K 05 = G 0, =2Q

a,;(2) = m, - by (L) = 0.4-0.6 = 0.24 .



Hidden Markov Models - Evaluation

ay, = 0.7 a;; =03

 Evaluation problem
. Problem : Given HMM (1) and O, find the probability of O "(*%)-

|2 = 5 (5
« Solution : Forward algorithm BRI Gz = 0.4 az, = 06 BT
« Example : 8 BfAZ @5 A LI AP B o3 =0 A =E27
T=1 T =2 T=3 T=4
S1(H))
states
S, (SH)
Observations 0, = AbxH 0, = K 05 = G 0, =2Q
a;(1) = (a1 (1) - ay1 + a1 (2) - azy) - by (AHH) = (0.06- 0.7 + 0.24 - 0.4) - 0.1 = 0.0138
a;(2) = (a1 (1) - a15 + a1 (2) - azy) - by (LH™) = (0.06- 0.3 + 0.24 - 0.6) - 0.6 = 0.0972 -



Hidden Markov Models - Evaluation

ay, = 0.7 a;; =03

« Evaluation problem by(24) = 01 by(AH4) = 0.6
- Problem : Given HMM (1) and O, find the probability of 0 “(*%)=%4 bl 8)=03
« Solution : Forward algorithm by(87) = 05 e = g R by(§17) = 0.1
« Example: & WAL @5 A8 LY A R AL SO HHe =HE2?
T=1 T =2 T=3 T =4
S1(H))
states
S, (dH)
Observations 0, = AbxH 0, = K 05 = G 0, =2Q
az(1) = (ay(1) - a1 + a5(2) - azq) - by (A7) = (0.0138- 0.7 + 0.0972 - 0.4) - 0.5 = 0.02427
a3(2) = (ay(1) - ar5 + a5(2) - azy) - b, (¥71) = (0.0138 - 0.3 + 0.0972 - 0.6) - 0.1 = 0.00625 37



Hidden Markov Models - Evaluation

ay, = 0.7 a;; =03

« Evaluation problem

|2 = 5 (5
« Solution : Forward algorithm BRI Gz = 0.4 az, = 06 BT
« Example: & WAL @5 A8 LY A R AL SO HHe =HE2?
T=1 T =2 T=3 T =4
S1(H))
states
S, (SH)
Observations 0, = AbxH 0, = K 0; = A7 0, =T

ay(1) = (a3(1) - a1 + a5(2) - azq) - by (££8) = (0.002427 - 0.7 + 0.00625 - 0.4) - 0.4 = 0.00780
ay(2) = (a3(1) - a5 + a5(2) - azy) - by (&%) = (0.002427 - 0.3 + 0.00625 - 0.6) - 0.4 = 0.00331 38



Hidden Markov Models - Evaluation

ay, = 0.7 a;; =03

« Evaluation problem

|2 = 5 (5
« Solution : Forward algorithm BRI Gz = 0.4 az, = 06 BT
« Example: & WAL @5 A8 LY A R AL SO HHe =HE2?
T=1 T =2 T=3 T =4
S1(H))
states
S, (SH)
Observations 0, = AbxH 0, = K 0; = A7 0, =T

ay(1) = (a3(1) - a1 + a5(2) - azq) - by (££8) = (0.002427 - 0.7 + 0.00625 - 0.4) - 0.4 = 0.00780
ay(2) = (a3(1) - a5 + a5(2) - azy) - by (&%) = (0.002427 - 0.3 + 0.00625 - 0.6) - 0.4 = 0.00331 39



Hidden Markov Models - Evaluation

ay, = 0.7 a;; =03

« Evaluation problem

. . Jl [ - 2 g:ll
« Solution : Forward algorithm BRI Gz = 0.4 az, = 06 BT
+ Example: & BAI7L @5 MM LY M R A4, =0 2T 2E270
T=1 T =2 T=3 T =4
S1(HI)
states = 0.01111
S, (SH)
Observations 0, = AbxH 0, = K 05 = G 0, =2Q

a,(1) = (az(1) - ayq + a5(2) - azy) - by (££") = (0.002427 - 0.7 + 0.00625 - 0.4) - 0.4 = 0.00780
ay(2) = (a3(1) - a5 + a5(2) - azy) - by (&%) = (0.002427 - 0.3 + 0.00625 - 0.6) - 0.4 = 0.00331 40



Hidden Markov Models - Evaluation

« Forward Algorithm for Evaluation Problem
« Problem : Given HMM (4*) and O, find the probability of O

« Solution : Forward algorithm

Forward probability (% &&, a,(i))

Forward probability = p(0]1) = ¥, ar(j)

o, (i) =m;bi(01),1<i<n
n

o (i) = lz -1 (D) aj;

j=1

bj(0),2<i<T,1<i<n

-> Forward probability = 0%l Sequence O7t HMMO|| £ =&
-> HMM 1 (8EAD), HMM 2 (=8 A7t /I [, 0= HMMO]| £ =&0| &=X[?

41



Hidden Markov Models - Evaluation

Forward probability

UOZ (AN =2 2) 2bF A4t (Forward algorithm)

|

Backward probability

T2 S=2 =) ZF 74t (Backward algorithm)

42



Hidden Markov Models - Evaluation

Forward probability = Backward probability

43



Hidden Markov Models - Evaluation

« An example of Backward algorithm
« Problem : Given HMM (1*) and O, find the backward probability of O

« Solution : Backward algorithm

S1(H)

states

S (BH)

Observations

44



Hidden Markov Models - Evaluation

« An example of Backward algorithm
« Problem : Given HMM (1*) and O, find the backward probability of O

« Solution : Backward algorithm (&) = o. e vy ba (A1) = 0.6

S1(H))
states
S, (SH)
Observations  , _ AtxH 0, = K 0; = A7 0, =T
Bs(1) = (Bs(Daqy - by (£8) + B,(2) - ar, - by (2E)=(1:0.7-04+1-03-0.3) =0.37
Bs(2) = (Bs(azy - by (£8) + B,(2) - azy - by (2E) =(1:04-04+1-0.6-0.3) = 0.34 45



Hidden Markov Models - Evaluation

« An example of Backward algorithm
« Problem : Given HMM (1*) and O, find the backward probability of O

« Solution : Backward algorithm (&) = o. e vy ba (A1) = 0.6

S1(H))
states
S, (BH)
Observations 0, = AbxH 0, = K 05 = G 0, =2Q

B, (1) = (Bs(1)aqqy - by (HT) + 3(2) - ay - by (H)) = (0.37-0.7- 0.5+ 0.34-0.3-0.1) = 0.1397
B,(2) = (B3(1)az, - by (A7) + B5(2) - azy - by (A1) = (0.37-0.4- 0.5+ 0.34- 0.6 - 0.1) = 0.0944 46



Hidden Markov Models - Evaluation

« An example of Backward algorithm
« Problem : Given HMM (1*) and O, find the backward probability of O

« Solution : Backward algorithm

S1(HI)
states
S, (BH)
Observations 0, = AbxH 0, = K 05 = G 0, =2Q
B1(1) = (Ba(Daqy - by (™M) + 5,(2) - aq - b, (AHH)) = (0.1397-0.7 - 0.1 + 0.0944 - 0.3 - 0.6) = 0.02677
B1(2) = (B2(Dayy - by (AHH) + B,(2) - ayy - by (£HH)) = (0.1397 - 0.4 - 0.1 + 0.0944 - 0.6 - 0.6) = 0.03957



Hidden Markov Models - Evaluation

« An example of Backward algorithm
« Problem : Given HMM (1*) and O, find the backward probability of O

« Solution : Backward algorithm

S1(H)

states

S (BH)

Observations

Probability(0) = (01 = LA o, = A
= (B1(1) -7y - by (LHH) +B81(2) -y -

48



Hidden Markov Models - Evaluation

Forward probability2 £ E A At

Probability(0) = (o, = &t™, 0, = ™ 0, = A, 0, = &£ 8) = 0.0780 + 0,00331 = 0.01111

Forward probability2 £ E A At

Probability(0) = (o, = 2™ o0, = ™ o, = A, 0, = &£ H)
= (B1(1) - my - by (AP +5,(2) - 7y - b3(*f*”)) (0.02677 - 0.6 - 0.1 + 0.03957 - 0.4 - 0.6) = 0.01111

Probability_Forward (O) = Probability_Backward (O)

49



Hidden Markov Models - Evaluation
Forward probability

o (i) =

z a1 (D)aji | - bi(0g), 2

=1

op=1 (1) = ;b (0p=1) -+ Z7|AIE

:Bt(i) —

—_— —_— ) —_ —_—

~ Backward probability

D B - @iy bi(04)
J=1 |

Be—r () = 1--- DX HA|F

, 1<i<T—-1,1<i<n




Hidden Markov Models - Evaluation

+ Backward probability -> HMM Training®ll & (Learning)

51



Hidden Markov Models — Decoding

Decoding problem (C|Z2 ) -> HMM2| 2t 4l
Problem : Given HMM (1*) and O, find the optimal S (Z+& D& Me 2 YMEfO| A|RA ZAH)
Solution : viterbi algorithm
Example : 3 BtAZL = AFA L APS g A, =20 &S UCHH, 2 252 EM =2

a1 = 0.7 A2 = 0.3

52



Hidden Markov Models — Decoding

Decoding problem (C|Z2 ) -> HMM2| 2t 4l
Problem : Given HMM (1*) and O, find the optimal S (Z+& D& Me 2 YMEfO| A|RA ZAH)
Solution : viterbi algorithm
Example : 3 BtAZL = AFA L APS g A, =20 &S UCHH, 2 252 EM =2

a1 = 0.7 A2 = 0.3

53



Hidden Markov Models — Decoding

ay, =07 a;; =03

« Decoding problem: Given HMM (1*) and O, find the optimal S

. . . . N g:ll = bz E‘:P
« Solution : viterbi algorithm WET)=0S O1 =04 231 =06 S
« Example : @ EtAZF @5 LHA LR AP Hef| A4 =0 £EHS JCHH, 4 S5 EM=?
2 3 T
S1(HI)
states
Q)
Observations 0, = AbxH 0, = K 05 = G 0, =2Q
v, (1) =my - by (AHH) = 0.6-0.1 = 0.06
1,(2) =1, - by(AHM) = 0.4-0.6 =0.24
54



Hidden Markov Models — Decoding

ay, =07 a;; =03

Decoding problem: Given HMM (4*) and O, find the optimal S b (28) =04 (22) @ @ (02) by(2%)=03

« Solution : viterbi algorithm

« Example: & HAZL @5 ALY AP Ref| A =0 AES JAOHH, 24 D59 EM=?
T=1 T=2 T=3 T =4
S1(H))
states
S, (BH)
Observations 0, = AbxH 0, = K 05 = G 0, =2Q

=1, - by (&™) =0.6-0.1 =0.06
=1, - by (2HXH) = 0.4 - 0.6 = 0.24

Vierbi 2t& v, (i): tHM AIHO| i 2HYEIS =&

55



Hidden Markov Models — Decoding

ay, =07 a;; =03

Decoding problem: Given HMM (1*) and O, find the optimal S 1"(3@):(’"‘
« Solution : viterbi algorithm

+ Example : § AL 2F LHH LY APM B A4 =0 S HCHE, 4 2529 EME?

1y I o ! =
T=1 T =2 T=3 T =4
S1(H))
states
S, (BH)
0.24
Observations 0, = AbxH 0, = K 05 = G 0, =2Q

56



Hidden Markov Models — Decoding

ay, =07 a;; =03

Decoding problem: Given HMM (1*) and O, find the optimal S 1"(3@):(’"‘

« Solution : viterbi algorithm

« Example: & HAZL @5 ALY AP Ref| A =0 AES JAOHH, 24 D59 EM=?
T=1 T =2 T=3 T =4
S1(H))
states
S, (BH)
0.24 0.0864
Observations 0, = AbxH 0, = K 05 = G 0, =2Q

v,(1) = max(v;(1) - a1, v1(2) - ayq) - bl(
v,(2) = max(v;(1) - aq,,v1(2) - ayy) - bz(

> =

) = max(0.042,0.096) - 0.1 = 0.0096, 7,(1) = 2
) = max(0.018,0.144) - 0.6 = 0.0864,7,(2) = 2

-~
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Hidden Markov Models — Decoding

ay, =07 a;; =03

Decoding problem: Given HMM (1*) and O, find the optimal S 1"(3@):(’"‘

« Solution : viterbi algorithm

« Example : 8 HAZL @5 AHA L AR D A 0] £8HS JUCHH, 4 S50 EMNE=?
T=1 T =2 T=3 T =4
S1(HI)
states
S, (BH)
0.24 0.0864 0.00518
Observations 0, = AbxH 0, = K 05 = G 0, =2Q
v5(1) = max(v,(1) - a11,v,(2) - az1) - by (HT) = max(0.00672,0.03456) - 0.5 = 0.01728,75(1) = 2
v3(2) = max(v,(1) - a1, 15(2) - azy) - bo (A7) = max(0.00288,0.05184) - 0.1 = 0.00518,75(2) = 2
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Hidden Markov Models — Decoding

ay, =07 a;; =03

Decoding problem: Given HMM (1*) and O, find the optimal S 1’1(ﬁ§):”"‘

« Solution : viterbi algorithm

« Example : 8 HAZL @5 AHA L AR D A 0] £8HS JUCHH, 4 S50 EMNE=?
T=1 T =2 T=3 T =4
S1(HI)
states 0.00484
S, (BH)
0.24 0.0864 0.00518 0.00156
Observations 0, = AbxH 0, = K 05 = G 0, =2Q

v,(1) = max(v3(1) - ay1,v3(2) - azy) - by (££E) = max(0.012096,0.00207) - 0.4 = 0.00484,7,(1) = 1
v4(2) = max(v3(1) - a15,v3(2) - azy) - by(£2E) = max(0.005184,0.003108) - 0.3 = 0.00156,7,4(2) = 1
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Hidden Markov Models — Decoding

ay, =07 a;; =03

by (£H4) = 0.1 by (2HH) = 0.6
Decoding problem: Given HMM (1*) and O, find the optimal S 1’1(ﬁ§):0'4 @ @ @ )=
b (B+) =05 b(Z7) = 01

« Solution : viterbi algorithm

« Example: & HAZL @5 ALY AP Ref| A =0 AES JAOHH, 24 D59 EM=?
T=1 T=2 T=3 T=4
S1(H))
states
S, (BH)
0.24 0.0864 0.00518 0.00156
Observations 0, = AbxH 0, = K 05 = G 0, =2Q
S1(H])

60



Hidden Markov Models — Decoding

(111 — 0-7 al? — 0.3

Decoding problem: Given HMM (1*) and O, find the optimal S bl(ﬁg)zo'4
« Solution : viterbi algorithm
« Example : @ EfAPZ} 25 AP LYY AFX

— o
2 T=3

o
v}
re
-
up
E
F>

El
iie
<l
11
2
=

L
[
10
.
=
rr

~N)

T=1 T

states 0.00484
S, (3H)

0.24 0.0864 0.00518 0.00156

Observations 0, = AbXH 0, = K 05 = G 0, =2Q

S1(H)  ——  si(H)
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Hidden Markov Models — Decoding

a1, = 0.7 Q47 = 0.3

Decoding problem: Given HMM (1*) and O, find the optimal S b‘(ﬁg):(’"‘

« Solution : viterbi algorithm

« Example : 8 HAZL @5 AHA L AR D A 0] £8HS JUCHH, 4 S50 EMNE=?
T=1 T=2 T=3 T =4
S1(HI)
states 0.00484
S, (BH)
0.24 0.0864 0.00518 0.00156
Observations 0, = AbXH 0, = AHxH 05 = G 0, =2Q

S,y —— s;H) ———  s:(HD)
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Hidden Markov Models — Decoding

a1, = 0.7 Q47 = 0.3

Decoding problem: Given HMM (1*) and O, find the optimal S b‘(ﬁ%):(’"‘
« Solution : viterbi algorithm

+ Example : § AL 2F LHH LY APM B A4 =0 S HCHE, 4 2529 EME?

1y I o ! =
T=1 T =2 T=3 T =4
S1(HI)
states 0.00484
S, (BH)
0.24 0.0864 0.00518 0.00156
Observations 0, = AbXH 0, = K 05 = G 0, =2Q

S;H) — s,e) — s;H) ———  s5:(HD)
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Hidden Markov Models — Decoding

a1, = 0.7 Q47 = 0.3

Decoding problem: Given HMM (1*) and O, find the optimal S b‘(ﬁ%):(’"‘
« Solution : viterbi algorithm

+ Example : § AL 2F LHH LY APM B A4 =0 S HCHE, 4 2529 EME?

1y I o I} =
T=1 T =2 T=3 T =4
S; (H)
states 0.004.84
S, (oH)
0.24 0.0864 0.00518 0.00156
Observations 0, = AbXH 0, = K 05 = G 0, =2Q
S,(8l) — S; &) — s;H) ———  si(H)

Qt = (41 = 52,42 = S3, Q3 = S1, 44 = 51)
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Hidden Markov Models — Decoding

« Viterbi Algorithm for Decoding Problem

Viterbi algorithm
ve(D) = g qm0p(01,02,0 06,1, A2, Qe—1, G = Si|A)
= [13%%—1(0%1’] * b;(0¢)
v, () = 1;b;(01)

ve(i) = [15"}2,’,‘lvt_1(i)aji] +bi(04),2<t<T,1<i<n

. argmax ) .
7,.() = 1San[vt_1(l)aji],2 <t<T,1<i<n

~ __argmax .
dr = 15]'5an(])

Ge = Te41(Ge41), t =T —-1,T = 2,1



Hidden Markov Models — Decoding

Summary of Evaluation and Decoding

Forward algorithm for evaluation Viterbi algorithm for decoding
S1 S1
So S2
Sn Sn
n
v (i) = [1smngt—1(i)a"] + bi(0t)
ap (i) = lz at—l(i)aji} + bi(or) = S
=1
=8l BE Aoo| sHE0| & tset BE 322 =&l WU
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Hidden Markov Models — Parameter Learning

Learing problem (&%)

L= HIE 00| SES %

2 St= HMM (1) (parameter) = &FOtOf

E=2 XHZR S =
oy 7l BFZAIEAE SHL X|AH2| HMM parameterE &0}
P

o
=TT

HMM (1) = argmax P(O|A)

HMM parameters : {4, B, m}

"0 (d11 Q12 A13] b11
= |, A=|ay; az; az| B=|by
T3 |d31 A3z A33. _b31
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m= (M2 A=|%1 Q422 43| B=|p,. b,, b,y

Hidden Markov Models — Parameter Learning

Learing problem (&%)

- HMM () 2 8= M, B5X7F 2d

F

Mot
ok

&S 2CH=t ot 27§ HOtof

[ok

HMM (1*) = argmax P(O|A)

J

«  Maximum likelihood method (Z|CH$ =)
- HIO|HE 7|fte =z 2EH0| Oi2t0|HE Fot= UH

(=]
- O E71 O[S W, Aots US0| Ltz RE(EE)E 2|H=E UES

HMM parameters : {4, B, m}

El
L}
=
1n

LS A1 G12 dAg3 by by, b3l

T3 dsz1 dzp dszs bay bay bas

= MEH
= L- 1

68



Hidden Markov Models — Parameter Lear

« Prodedure of HMM Learning M 11 G12 13
mM=|m| A=1|Ax1 Q22 Qaz3| B =
3 |d31  d3z2 0433

* Input : HMM (A) architecture
« Qutput : HMM (1*) = {A*, B*, "}

« Algorithm
1. HMM =73}
2. BHSH HRHOE P(OIHMM(A™W)) > P(OIHMM@)HE &3
3. IFEARH 1= HMM@™ew)S 2 A5t HE 52 29 s




Hidden Markov Models — Parameter Learning

Learning problem (2t5)
Problem : Given X = {04, -+, 0y}, find the HMM (1%)

« Solution : Baum-Welch algorithm (or forward-backward algorithm)

Baum-Welch Algorithm

E-step
(hidden state estimation)

M-step
(HMM (1) update)
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Hidden Markov Models — Parameter Learning

i St o
Learning problem (&) M-step
Baum-Welch algorithmO| At&St= v, ()2t &3, )2l 9 N~

t
ye() (i, ))
a: forward probability , B: backward probability



Hidden Markov Models — Parameter Learning

ShA N
Learning problem (=t :|) M-step
Ye(@): HMM (1), O N= M, tA[E SEZE Si%l 25 \_/
&3, ) HMM 1), O O Xl= M, tA[H &Ef7L 55, t+1AH HEi= 5,2 =&

n
o (i) = p(04,0,,+++, 04, q¢ = s54|A) = Z O(t—l(i)aji] - b; (o)
=1

B:(D) = p(Ot41, Oty2,°++, O7lqr = s, 1) = z aijbj(ot)ﬁt(/)]
j=1

o (DB (1) : tHR] A|EO| &Ef i K|LI= 2= Z=0

ofgot= =2 &

72
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Hidden Markov Models — Parameter Learning

Sa /\
oFr=—
Learning problem (<} :|) M-step
* ve(0): HMM (1), O M= M, tAlE JEi7L s, 2 =HE N~
« &@, )t HMM (1), O FOXl= M, tAlE SEN7t s, t+1A|H HEl= 5,8 =&

Ye(@) = p(q¢ = 5:10,2)

_ o (1) Be (D)
Y=g ae(NB() ’

t—1 t t+1

@ <t< <
o] =
Sig | = .
— — — ,1StST,1SlSn
@ 51~nOE %I-E E_I|:_ E-Iol_l-akl-
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Hidden Markov Models — Parameter Learning

ShA N
Learning problem (=t :|) M-step
Ye(@): HMM (1), O N= M, tA[E SEZE Si%l 25 \_/
&3, ) HMM 1), O O Xl= M, tA[H &Ef7L 55, t+1AH HEi= 5,2 =&

at (i)aij bj (0t4+1)Br+1U)
Z?:l Z?:l a.(i) aijbj (0t+1)Bt+1()

1<t<T-1,1<ij<n

ft(l’]) =

a;jbj(0t41)

%)
N
o~
|
=y

t t+1 t+ 2
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Hidden Markov Models — Parameter Learning
N

o Sk
Learning problem (<} :|) M-step
ye(): HMM (1), O M= M, tAlE JEi7L s, 2 =HE N~
« &@, )t HMM (1), O FOXl= M, tAlE SEN7t s, t+1A|H HEl= 5,8 =&

i Efl 2t jefEl HE

at (i)aij bj (0t+1)Br+1U)
Z?:l Z?:l a.(i) aijbj (0t+1)Bt+1()

1<t<T-1,1<ij<n

ft(l’]) =

a;jbj(0t41)

95
N

t—1 t t+1 t+ 2
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Hidden Markov Models — Parameter Learning
N

Learning problem (2}&) M-step
* v :HMM (1), O O/ = M, tAlE JEi7L 5,2 =HE "N
+ &(@1,)) : HMM (1), O F=O{XlE M, tAlE SEI7L s, t+ 1Al LEll= 5,2 =&

N o C N at(i)aijbj(0t+1),8t+1(i)
el = plae = 50 D) = ST @@ b 0B )

o () B (i)
= <1 < ..
— Y @ (DB’ =Tlsisn 1<t<T-11<ij<n

E-step= a, = ALSHA v, (D) ,¢.(G, )= *ot= A
M-step2 y.(i),é:(i,j)E OlE5t0 HMM (1) 7HH -> HMM@A™ew)

H4? PCOIHMM@A™W)) > P(O|HMM(A)) -> &, HMM(A™%)2| evaluationA| &2 &HE
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Hidden Markov Models — Parameter Learning

Learning problem (2t&)

+ Baum-Welch algorithm O| AF3}LE hidden state y, ()2t &(i, )& 9 “~— ~

« y:():HMM (1), O TR S M, tA|H &EN7L s, & =&

¢ &) HMM (1), O FOIES M, tAIE MEIT} s, t+1AIR MBS 5 28

=t/ 120 5,0 A= = =291 (), 1<i<n

Expected number of times in state s; at time t = 1
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Hidden Markov Models — Parameter Learning

Learning problem (2t&)

+ Baum-Welch algorithm O| AF3}LE hidden state y, ()2t &(i, )& 9 “~— ~

+ %) HMM (1), O Z=O|RS Y, tAIR AER7 5,2 &8
¢ &) HMM (1), O FOIES M, tAIE MEIT} s, t+1AIR MBS 5 28

5,0l As; 2 0| 7| CHZh
5,0 A T O[ & 7|2k

new _

Clij

(t=12 M, 50Ms; 2 HOIZ &E) +--+ (=T - 12 W, 5,0 M5, 2 0| 2HE)
T @=1¥0 si01|A17SOI3E*2F%)+-~+(t= T—12 O, 5,0l M TOl2 =H&E)
T-1 ;o
L
:Z 1 & ( ])1<l]Sn

t 1 20
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Hidden Markov Models — Parameter Learning

Learning problem (<

+ Baum-Welch algorithm O| AF3}LE hidden state y, ()2t &(i, )& 9 “~— ~

« y:():HMM (1), O TR S M, tA|H &EN7L s, & =&

¢ &) HMM (1), O FOIES M, tAIE MEIT} s, t+1AIR MBS 5 28

5Ol My 2 BEY EE GAEBIOIN BEX| 7}y, 2 2HE)
- PEEECEHIEEED)

o = v 2 2= tOf CHols; Off s =& &

=19, ;0 AS SE)+ -+ (t=T-12 l},s;0 Y2 & E)

Z=1,St.ot=vt Vit (l)
= T . 1
t=1 )/t (l)

) —

—é—}ﬁ) /\
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Hidden Markov Models — Parameter Learning

Learning problem (2t&)

+ Baum-Welch algorithm O| AF3}LE hidden state y, ()2t &(i, )& 9 “~— ~

+ %) HMM (1), O Z=O|RS Y, tAIR AER7 5,2 &8
¢ &) HMM (1), O FOIES M, tAIE MEIT} s, t+1AIR MBS 5 28

g Tew — Z ft(l ])
N t ~1 Vt(l)

T
t= 1sto—v Ye (@) ,
= Lt  1<is<nl<k<m

t= 1Vt(l)
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Hidden Markov Models — Parameter Learning

Prodedure of HMM Learning

* Input : HMM (A) architecture

« Output : HMM (1*) = {4*,B*, "}
« Algorithm

Jlm

S threshold(r) &% 0|52l 3% %
If PCO|[HMM(A™€")) — P(O|HMM(A)) is less than r, Stop
b. EA threshold(r) Zf 0|42l AL Ot

If PCO|[HMM(A™€")) is greater than r, Stop

da.
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Hidden Markov Models — Parameter Learning

Summary of Hidden Markov Model A = [4, B, t]

Three problems of hidden Markov model
« Given HMM (1*) and O, find the probability of O -> Evaluation problem
« Given HMM (1*) and O, find the optimal S -> Decoding problem

« Given X ={04, -, 0y}, find the HMM (1*) -> Learning problem

HMM (1)

_______________________________

_________________________________

Observations 04 0, 0;
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