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Sugervised feature selection: Information Gain, Stepwise regression,
LASSO, Genetic algorithm

Supervised feature extraction: Partial least squares (PLS)
Unsupervised feature selection: PCA loading

Unsupervised feature extraction: Principal component analysis (PCA),
Wavelets transforms, Autoencoder



Unsupervised feature extraction: Principal component analysis (PCA),
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Z is linear combination (M ZAg) of the original all p variables in X

Zl = CXIX = a11X1 + a12X2 + -+ alep

a%x —_ a21X1 + a22X2 + .-+ aszp

N
N
|

CX;X = aple + ap2X2 + .-+ alep

N ...
|

X1, X3, X, Al == (Original Variable)
a;= a1, Q] (B 7| X (basis) == A% (Loading)
Zy, Zy,, 2 4 72 AFG Bt 2 B (d &, Score)
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Find the new axis that
maximizes the variance of data

Find the new axis that
minimizes the variance of data
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Mean vector

Covariance Matrix

Correlation Matrix
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« At (Projection)
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Assume that we have the centered data (i.e., X; =0, i=1,--,p)

Let X be an p-dimensional random vector with the covariance matrix X
Let a be an p-dimensional vector of length one (i.e., a’a = 1)

Let Z = a’X be the projection of X onto the direction a

The main purpose in PCA is
to find a that produces the largest variance of Z

MaxVar(Z) =Var(a'X) = a’Var(x)a = a' Z«a
s.t.|la]l =ala =1
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Y = EAET
Max a’Xa = a’EAET«
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s.t.|la]l =1

Max BTA p where f = ETa
s.t.]Bll =1

Max /11,812 + /12,822 + -+ Aplgpz

st.Bi+ B+ e+ B, =1

/11>AZ>.”>AP

eigenvalues and eigenvector of X
|E AV] = svd(Z)
/11 2 /1172 0

el’ vee ep
A =diag(Ay,---, 1)

Thus, the optimal valueis A; anda = e4
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Thus, the optimal valueis A; anda = e4
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Y = EAET
Max a’Xa = a’EAET«

s.t.|la]l =1

eigenvalues and eigenvector of X

|E AV] = svd(X)
Max BTA p where f = ETa
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Thus, the optimal valueis A; anda = e4




Fd= &4 oA
X4 X; X3 X, X, X3
02 | 56 | 3.56 -1.1930 | -1.0300 | 1.5012 |
X = |045 | 58 | 24 10.0370 | -0.7647 | 0.3540 | MormalizeXto
— | 033 | 637 | 1.95 -0.5919 | -0.3257 | -0.0910 | EX) =0
054 | 7.9 | 1.32 0.3792 | 1.0739 | -0.7140 | Var(X;) =1
0.77 | 7.87 | 0.98 1.4427 | 1.0464 | -1.0502
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X, X, X3 X, X, X3
02 | 56 | 3.56 -1.1930 | -1.0300 | 1.5012
¥ — 0.45 | 5.89 | 2.4 Y = [0:0370 | -0.7647 | 0.3540
— | 033 | 637 | 195 — | -0.5919 | -0.3257 | -0.0910
054 | 7.9 | 1.32 0.3792 | 1.0739 | -0.7140
0.77 | 7.87 | 0.98 1.4427 | 1.0464 | -1.0502
0.0468 0.1990 -0.1993
Covariance(X) = 0.1990 1.1951 -1.0096
-0.1993 | -1.0096 1.0225
1 0.8417 -0.8840
Correlation(X) = 0.8417 1 -0.9133
-0.8840 | -0.9133 1

normalize X to
Var(X;) =1
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The eigenvalue-eigenvector pairs on the correlation matrix, X
|EAV] =svd(2)

1, = 0.0786, e,/ =[0.2590 0.5502  0.7938]

A, = 0.1618, e,/ =[0.7798 —0.6041 0.1643]

A5 = 2.7596, e;T =[0.5699  0.5765 — 0.5855]
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Tdax =4 HHA

A = 0.0786, e,"
/12 — 01618, ezT
/13 - 27596, 83T

0.2590
0.7798

0.5699

0.5502

— 0.6041

0.5765

0.7938]

0.1643] ¥ =
— 0.5855]

As >, > A

-1.1930

-1.0300

1.5012

-0.0370

-0.7647

0.3540

-0.5919

-0.3257

-0.0910

0.3792

1.0739

-0.7140

1.4427

1.0464

-1.0502

normalize X to
Var(X;) =1
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Tdax =4 HHA

A =0.0786, e;" =[0.2590  0.5502  0.7938]
1z =0.1618, e;" =[0.7798 —0.6041 0.1643] Y —

A3 = 2.7596, esT = [0.5699  0.5765 — 0.5855]

-1.1930 | -1.0300 | 1.5012 | normalize Xto
-0.0370 | -0.7647 | 0.3540 E(X;))=0

-0.5919 | -0.3257 | -0.0910 |  Var(X;) = 1
0.3792 | 1.0739 | -0.7140

Ay > A, > A | 14427 | 1.0464 | -1.0502

"—1.1930 —1.0300" - 1.5012 1 [—2.1527]
—0.0370 —0.7647 0.3540 —0.6692

Z; = e3"X = 0.5699 - X; + 0.5765 - X, — 0.5855 - X3 = 0.5699 - [ —0.5919| + 0.5765 | —0.3257| — 0.5855 - | —0.0910| = | -0.4718
0.3792 1.0739 —0.7140 1.2533

| 1.4427 | | 1.0464 - |—1.0502) L 2.0404
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Tdax =4 HHA

A =0.0786, e;" =[0.2590  0.5502  0.7938]
1z =0.1618, e;" =[0.7798 —0.6041 0.1643] Y —

A3 = 2.7596, esT = [0.5699  0.5765 — 0.5855]

-1.1930 | -1.0300 | 1.5012 | normalize Xto
-0.0370 | -0.7647 | 0.3540 E(X;))=0

-0.5919 | -0.3257 | -0.0910 |  Var(X;) = 1
0.3792 | 1.0739 | -0.7140

Ay > A, > A | 14427 | 1.0464 | -1.0502

—1.19307 —1.03007 - 1.5012 7 [—2.1527]
—0.0370 —0.7647 0.3540 —0.6692
Zi =e3"X =0.5699 - X; +0.5765 - X, — 0.5855 - X3 = 0.5699 - | —0.5919|+ 0.5765 - | —0.3257|— 0.5855 - | —0.0910| = [ -0.4718
0.3792 1.0739 —0.7140 1.2533
| 1.4427 . | 1.0464 - —1.0502 L 2.0404
—0.06157 - 0.3160 7
0.4912 —0.1493
Z,=e,"X =1-0.2798 Zs=e;"X =|-0.4047
—0.4703 0.1223
[ 0.3204 [ 0.1157 |
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Tdax =4 HHA

X X, X3
-1.1930 | -1.0300 | 1.5012 | normalize X to
-0.0370 | -0.7647 | 0.3540 E(X;)) =0

-0.5919 | -0.3257 | -0.0910 |  Var(X,) =1
0.3792 | 1.0739 | -0.7140
Ay > A, > A | 14427 | 1.0464 | -1.0502

A =0.0786, e;" =[0.2590  0.5502  0.7938]
1z =0.1618, e;" =[0.7798 —0.6041 0.1643] Y —

A3 = 2.7596, esT = [0.5699  0.5765 — 0.5855]

—1.19307 —1.03007 r 1.5012 71 [—2.1527]
—0.0370 —0.7647 0.3540 —0.6692
Zy =e3"X =0.5699 - X; + 0.5765- X, — 0.5855 - X3 = 0.5699 - [—0.5919|+ 0.5765 - | —0.3257| — 0.5855 - | —0.0910| = | -0.4718
0.3792 1.0739 —0.7140 1.2533
L 1.4427 L 1.0464 - L—1.05021 L 2.0404 -
'_00615' - 03160 . __2.1527 _0.0615 0.3160 i
0.4912 —0.1493 —0.6692 0.4912 —-0.1493
Zy =€ X =|-0.2798 Z3=e,"X =[-0.4047 ~Z=1-0.4718 —0.2798 —0.4047
iy 01223 1.2533  —0.4703  0.1223
| B | 2.0404  0.3204  0.1157 . 2




Tdax =4 HHA

—2.1527
—0.6692

—0.4718
1.2533

. 2.0404

—0.0615
0.4912

—0.2798
—0.4703

0.3204

0.3160 7
—0.1493

—0.4047
0.1223

0.1157

e
0X
A
C

i

r0

Cov(Z) =

2.7596
0
0

0
0.1618
0

0
0
0.0786
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A~ H H
X1 X, X3 Z, Z, Z3

-1.1930 | -1.0300 | 1.5012 -2.1527 | -0.0615 | 0.3160

X _ -0.0370 | -0.7647 | 0.3540 -0.6692 | 0.4912 | -0.1493
— |-0.5919 | -0.3257 | -0.0910 -0.4718 | -0.2798 | -0.4047
0.3792 | 1.0739 | -0.7140 1.2533 | -0.4703 | 0.1223

1.4427 | 1.0464 | -1.0502 2.0404 | 0.3204 | 0.1157
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Tdax =4 HHA

Eigenvalues of the covariance matrix (A4,4,,13)

= Variance of each principal component (2} &4 22| &4h)

Covariance matrix of principal components

2 7596 0 0 Var(Z,) = 2.7596 = A5 (Largest eigenvalue)
Cov(Z) = 0 0.1618 0 Var(Z,) = 0.1618 = 4,
0 0 0.0786 Var(Z3) = 0.0786 = 1,
Proportion of total population A3 2 7596

Variance due to the 15t
Principal component

A +A, +1; 0.0786 + 0.1618 + 2.7596

= 0.920

27
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N H d =
Tdg o4 €12[F /Y

Step 1. 0| O & & 72t (mean centering)
Step 2. J| & ¥ =2 covariance (correlation) matrix H| &t
Step 3. Covariance (correlation) matrixZ £ E eigenvalue & 0| 0l ol & &l = eigenvectorE H| &t

Step 4. eigenvalue & oll & &| = eigenvectorsE = A HZ LI E

A(1) > A(2) > 1(3) > A(4) > A(5)

e(1) >e(2) >e(3) >e(4) >e(5), e(i), i=1,---,5is avector
Step 5. A & &l eigenvectorE EUZ V| &= HSE HE

Zi=e(DX =e;; - X;+e, Xy + - +esXs

Z,=e(2Q) X =ey; - Xy tey X, + -+ ey Xe

Z5 = e(S)X = €51 'X1 +e52 'Xz + "'+e55 'X5
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